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Abstract
A new pseudoclassical supersymmetrical model of a spinning particle in 2+1
dimensions is proposed. Different ways of its quantization are discussed. They
all reproduce the minimal quantum theory of the particle.
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1
In this paper we present a new pseudoclassical model for a massive Dirac particle in
2 + 1 dimensions. Besides a pure theoretical interest to complete the theory of relativistic
particles, there is a direct relation with the 2+1 field theory [1], which attracts in recent years
great attention due to various reasons: e.g. because of nontrivial topological properties,
and especially due to a possibility of the existence of particles with fractional spins and
exotic statistics (anyons), having probably applications to fractional Hall effect, high-Tc
superconductivity and so on [2]. The well known pseudoclassical supersymmetrical model
for Dirac (spinning) particle in 3 + 1 dimensions was proposed and investigated by several
authors [3]. Attempts to extend the pseudoclassical description of spinning particle to
the arbitrary odd-dimensions case had met some problems, which are connected with the
absence of an analog of γ5-matrix in odd-dimensions. For instance, in 2 + 1 dimensions the
direct generalization of the Berezin-Marinov action (standart action) does not reproduce a
minimal quantum theory of spinning particle, which has to provide only one value of the
spin projection (1/2 or −1/2). In papers [4] they have proposed two modifications of the
standard action to get such a minimal theory, but they can not be considered as satisfactory
solutions of the problem. The first action [4] is classically equivalent to the standard action
and does not provide required quantum properties in course of canonical and path-integral
quantization. Moreover, it is P - and T -invariant, so that an anomaly is present. Another one
[4] does not obey gauge supersymmetries and therefore loses the main attractive features
in such kind of models, which allows one to treat them as prototypes of superstrings or
some modes in superstring theory. The action, we are proposing, is invriant under three
gauge transformations: reparametrization and two supertransformations. It is P - and T -
noninvariant in full accordance with the expected properties of the minimal theory in 2 + 1
dimensions. Dirac quantization and quasi-canonical quantization with fixation of the gauge
freedom, which corresponds to two types of gauge transformations of the three existing, both
lead to the quantum theory of spinning particle in 2 + 1 dimensions.
The new action to describe a Dirac particle in 2 + 1 dimensions has the form
2
S =
1∫
0
[
−
z2
2e
− e
m2
2
− gx˙µAµ + ıgeFµνψ
µψν − ımψ3χ−
1
2
smκ− ıψaψ˙
a
]
dτ
≡
1∫
0
Ldτ , s = ± ; zµ = x˙µ − ıψµχ+ ıεµνλψνψλκ ; (1)
the Latin indices a, b, c, . . ., run over 0, 1, 2, 3, whereas the Greek (Lorentz) ones µ, ν,
. . ., run over 0, 1, 2; xµ, e, κ are even and ψa, χ are odd variables; Fµν = ∂µAν − ∂νAµ
is the strength tensor, g is the U(1)-charge of the particle, interacting with an external
gauge field Aµ(x), which can have the Maxwell or (and) Chern-Simons nature; ε
µνλ is the
totally antisymmetric tensor density of Levi-Civita in 2+1 dimensions normalized by ε012 =
+1; ηab = diag(1,−1,−1,−1), ηµν = diag(1,−1,−1). We suppose that x
µ and ψµ are
2 + 1 Lorentz vectors and e, κ, ψ3, χ are scalars, so that the action (1) is invariant under
the restricted Lorentz transformations (but not P - and T -invariant). It is invariant under
reparametrizations and two types of gauge supertransformations:
δxµ = x˙µξ , δe =
d
dτ
(eξ) , δψa = ψ˙aξ , δχ =
d
dτ
(χξ) , δκ =
d
dτ
(κξ) , (2)
δxµ = ıψµǫ , δe = ıχǫ , δψµ =
zµ
2e
ǫ , δψ3 =
m
2
ǫ, δχ = ǫ˙ , δκ = 0 , (3)
δxµ = −ıεµνλψνψλθ , δψ
µ =
1
e
εµνλzνψλθ , δκ = θ˙, δe = δψ
3 = δχ = 0 , (4)
where ξ(τ), θ(τ) are even, and ǫ(τ) is odd parameter.
Going over to the Hamiltonian formulation, we introduce the canonical momenta
πµ =
∂L
∂x˙µ
= −
1
e
zµ − gAµ , Pe =
∂L
∂e˙
= 0 , Pχ =
∂rL
∂χ˙
= 0 ,
Pκ =
∂L
∂κ˙
= 0 , Pa =
∂rL
∂ψ˙a
= −ıψa . (5)
It follows from (5) that there exist primary constraints Φ(1) = 0 (Φ
(1)
1 = Pe , Φ
(1)
2 =
Pχ , Φ
(1)
3 = Pκ , Φ
(1)
4a = Pa + ıψa). Constructing the total Hamiltonian H
(1), according to
the standard procedure [5,6], we get H(1) = H + λAΦ
(1)
A with
H = −
e
2
(Π2 −m2 + 2ıgFµνψ
µψν) + ı(Πµψ
µ +mψ3)χ− ı(εµνλΠµψνψλ +
ı
2
sm)κ , (6)
where Πµ = πµ + gAµ. From the consistency conditions Φ˙
(1) = {Φ(1), H(1)} = 0 we find sec-
ondary constraints Φ(2) = 0 (Φ
(2)
1 = Πµψ
µ +mψ3 , Φ
(2)
2 = Π
2 −m2 + 2ıgFµνψ
µψν , Φ
(2)
3 =
3
εµνλΠµψνψλ+
ı
2
sm), and determine λ, which correspond to the primary constraints Φ
(1)
4 . No
more secondary constraints arise from the consistency conditions and the Lagrangian multi-
pliers, correspondent to the primary constraints Φ
(1)
i , i = 1, 2, 3, remain undetermined. The
Hamiltonian (6) is proportional to the constraints. One can go over from the initial set of con-
straints Φ(1),Φ(2) to the equivalent ones Φ(1), Φ˜(2), where Φ˜(2) = Φ(2)
(
ψ → ψ˜ = ψ + ı
2
Φ
(1)
4
)
.
The new set of constraints can be explicitly divided in a set of the first-class constraints,
which are (Φ
(1)
i , i = 1, 2, 3, Φ˜
(2)) and in a set of second-class constraints Φ
(1)
4 .
Let us consider the Dirac quantization, where the second-class constraints define the
Dirac brackets and therefore the commutation relations, whereas, the first-class constraints,
being applied to the state vectors, define physical states. For essential operators and nonze-
roth commutation relations one can obtain in the case of consideration:
[xˆµ, πˆν ] = ı{x
µ, πν}D(Φ(1)4 )
= ıδµν , [ψˆ
a, ψˆb]+ = ı{ψ
a, ψb}
D(Φ
(1)
4 )
= −
1
2
ηab . (7)
It is possible to construct a realization of the commutation relations (7) in a Hilbert space
R whose elements f ∈ R are four-component columns dependent on x,
f(x) =

 u−(x)
u+(x)

 , xˆµ = xµI , πˆµ = −ı∂µI , ψˆa = ı2γa, (8)
where u∓(x) are two-component columns, and I is 4 × 4 unit matrix; γ
a, a = 0, 1, 2, 3,
are γ-matrices in 3 + 1 dimensions, which we select in the spinor representation γ0 =
antidiag(I, I), γi = antidiag(σi, −σi), i = 1, 2, 3 , σi are the Pauli matrices, and I
is 2 × 2 unit matrix. According to the scheme of quantization selected, the operators of
the first-class constraints have to be applied to the state vectors to define physical sector,
namely, Φˆ(2)f(x) = 0 , where Φˆ(2) are operators, which correspond to the constraints Φ(2).
Taken into account (8), one can write the equation Φˆ
(2)
1 f(x) = 0 as
[(ı∂µ − gAµ)γ
µ −mγ3]f(x) = 0 ⇐⇒


[(ı∂µ − gAµ)Γ
µ
+ −m]u+(x) = 0 ,
[(ı∂µ − gAµ)Γ
µ
− +m]u−(x) = 0 ,
(9)
where two sets of γ-matrices in 2+1 dimensions are introduced, Γ0s = σ
3, Γ1s = sıσ
2, Γ2s =
−sıσ1 , s = ± Γµ− = Γ+µ , [Γ
µ
s ,Γ
ν
s ]+ = 2η
µν . Constructing the operator Φˆ
(2)
2 according to
4
the classical function Φ
(2)
2 , we meet an ordering problem since the latter contains terms of the
form πµA
µ(x). For such terms we choose the symmetrized (Weyl) form of the correspondent
operators, which provides, in particular, the consistency of two equations Φˆ
(2)
1 f = 0 and
Φˆ
(2)
2 f = 0, because of in this case Φˆ
(2)
2 = (Φˆ
(2)
1 )
2. The equation Φˆ
(2)
3 f(x) = 0 can be presented
in the following form
[
1
2
εµνλ(ı∂µ − gAµ)γνγλ + ısm
]
f(x) = 0 ⇐⇒


[(ı∂µ − gAµ)Γ
µ
+ − sm]u+(x) = 0 ,
[(ı∂µ − gAµ)Γ
µ
− − sm]u−(x) = 0 .
(10)
Combining eq. (9) and (10), we get
[(ı∂µ − gAµ)Γ
µ
s − sm]us(x) = 0 , u−s(x) ≡ 0 , s = ± . (11)
To interpret the quantum mechanics constructed one has to take into acount the operator,
which corresponds to the angular momentum tensor Mµν = xµπν −xνπµ+ i[ψµ, ψν ]. Mˆµν =
−ı(xµ∂ν − xν∂µ) −
ı
4
diag ([Γ−µ,Γ−ν ], [Γ+µ,Γ+ν ]). Thus one can see that the states with
(s = +) are described by the two component wave function u+(x), which obeys the Dirac
equation in 2+1 dimensions and is transformed under the Lorentz transformation as spin
+1/2 [7]. For (s = −) the quantization leads to the theory of 2+1 Dirac particle with spin
−1/2 and wave function u−(x).
To quantize the theory canonically we have to impose as much as possible supplementary
gauge conditions to the first-class constraints. In the case under consideration, it turns out
to be possible to impose gauge conditions to all the first-class constraints, excluding the
constraint Φ˜
(2)
3 . Thus, we are fixing the gauge freedom, which corresponds to two types of
gauge transformations (2) and (3). As a result we remain only with one first-class constraint,
which is the reduction of Φ
(2)
3 to the rest of constraints and gauge conditions. It can be used
to specify the physical states. All the second-class constraints form the Dirac brackets.
We consider below, for simplicity, the case without an external field. The following gauge
conditions ΦG = 0 are imposed: ΦG1 = e+ζπ
−1
0 , Φ
G
2 = χ , Φ
G
3 = κ , Φ
G
4 = x0−ζτ , Φ
G
5 =
ψ0 , where ζ = −sign π0. (The gauge x0− ζτ = 0 was first proposed in [8,6] as a conjugated
5
gauge condition to the constraint π2−m2 = 0). Using the consistency condition Φ˙G = 0, one
can determine the Lagrangian multipliers, which correspond to the primary constraints Φ
(1)
i ,
i = 1, 2, 3. To go over to a time-independent set of constraints (to use standart scheme of
quantization without modifications [6]), we introduce the varialble x′0, x
′
0 = x0−ζτ , instead
of x0, without changing the rest of the variables. That is a canonical transformation [8]. The
transformed Hamiltonian H(1)′ is of the form H(1)′ = ω + {Φ} , ω =
√
π2d +m
2 , d = 1, 2,
where {Φ} are terms proportional to the constraints and ω is the physical Hamiltonian. Now,
all the constraints of the theory can be presented in the following equivalent form: K = 0,
φ = 0, T = 0, where K = (e− ω−1 , Pe ; χ , Pχ ; κ , Pκ ; x
′
0 , |π0| − ω ; ψ
0 , P0), φ =
(πdψ
d +mψ3, Pk + ıψk) , d = 1, 2 , k = 1, 2, 3, and
T = ζω[ψ2, ψ1] +
ı
2
sm . (12)
The constraints K and φ are of the second-class, whereas T is the first-class constraint.
Besides, the set K has the so called special form [6]. In this case, if we eliminate the
variables e, Pe, χ, Pχ, κ, Pκ, x
′
0, |π0|, ψ
0, and P0, using the constraints K = 0, the Dirac
brackets with respect to all the second-class constraints (K, φ) reduce to ones with respect
to the constraints φ only. Thus, we can only consider the variables xd, πd, ζ , ψ
k, Pk and
two sets of constraints - the second-class ones φ and the first-class one T . Nonzeroth Dirac
brackets for the independent variables are
{xd, πr}D(φ) = δ
d
r , {x
d, xr}D(φ) =
ı
ω2
[ψd, ψr] , {xd, ψr}D(φ) = −
1
ω2
ψdπr ,
{ψd, ψr}D(φ) = −
ı
2
(δdr − ω
−2πdπr) , d, r = 1, 2 . (13)
They define the commutation relations between the operators xˆd, πˆd, ψˆ
d,
[xˆd, πˆr] = ıδ
d
r , [xˆ
d, xˆr] = −
1
ωˆ2
[ψˆd, ψˆr] ,
[xˆd, ψˆr] = −
ı
ωˆ2
ψˆdπˆr , [ψˆ
d, ψˆr]+ =
1
2
(δdr − ωˆ
−2πˆdπˆr) . (14)
We assume as usual [8,6] the operator ζˆ to have the eigenvalues ζ = ±1 by analogy with
the classical theory, so that ζˆ2 = 1, and also we assume the equations of the second-class
6
constraints φˆ = 0. Then one can realize the algebra (14) in a Hilbert space R, whose
elements f ∈ R are four-component columns dependent on x = (xd), d = 1, 2,
f(x) =

 f+(x)
f−(x)

 , xˆd = xdI+ 12ωˆ2 εdr[πˆrΣ3 −mΣr] , πˆd = −ı∂dI ,
ψˆd =
1
2
(δdr − ωˆ
−2πˆdπˆr)Σ
r −
1
2ωˆ2
mπˆdΣ
3, ζˆ = antidiag(I ,−I) , (15)
where f+(x) and f−(x) are two-component columns, and Σ
k = diag(σk, σk). The operator
Tˆ correspondent to the first-class constraint (12) specifies the physical states,
Tˆ f = 0 , Tˆ =
ısm
2ωˆ
ζˆΣ3
[
ζˆωˆΣ3 + ı∂1(ısΣ
2) + ı∂2(−ısΣ
1)− sm
]
. (16)
Besides theses states obey the Schro¨dinger equation, which defines their “time” dependence,
(ı∂/∂τ − ωˆ)f = 0 , ωˆ =
√
πˆ2d +m
2, where the quantum Hamiltonian ωˆ corresponds the
classical one ω. Introducing the physical time x0 = ζτ instead of the parameter τ [8,6], we
can rewrite the Schro¨dinger equation in the following form (ı∂/∂x0 − ζˆ ωˆ)f(x) = 0, (x =
x0, x). Using it in (16), one can verify that both components f±(x) of the state vector obey
one and the same equation
(ı∂µΓ
µ
s − sm)fζ(x) = 0 , ζ = ±1 , (17)
which is the 2+1 Dirac equation for a particle of spin s/2, whereas f±(x) can be interpreted
as positive and negative frequency solutions of the equation. Substituting the realization
(15) into the expression for the generators of the Lorentz transformations, we get Mˆµν =
−ı(xµ∂ν − xν∂µ) −
ı
4
diag ([Γsµ,Γsν] , [Γsµ,Γsν]), which have the standard form for both
components fζ(x). Thus, a natural interpretation of the components fζ(x) is the following:
f+(x) is the wave function of a particle with spin s/2 and f
∗
−(x) is the wave function of
an antiparticle with spin s/2. Such an interpretation can be confirmed if we switch on an
external electromagnetic field. In this case the coupling constants with the external field in
the equations for fζ(x) are ζg, i.e. have different sign for particle and antiparticle.
It is interesting that the model proposed can be derived in course of a dimensional
reduction from the model for the Weyl particle in 3+1 dimensions, constructed in [9]. As is
7
known, the method of dimensional reduction appears to be often useful to construct models
(actions) in low dimensions using some appropriate models in higher dimensions [10]. In the
gauge ψ0 = 0 (or in any gauge linear in ψµ) one can see that, among the four constraints
Tµ of the model [9] only one is independent. Thus, in fact, one can use only one component
of κµ and all others put to be zero. In 3+1 dimensions this violates the explicit Lorentz
invariance on the classical level. However in 2+1 dimensions it does not. So, if we make
a dimensional reduction 3+1 → 2+1 in the Hamiltonian and constraints of the model [9],
putting also π3 = m, κ
3 ≡ κ, whereas κ0 = κ1 = κ2 = 0, then as a result of such a procedure
we just obtain the expression (6) (at A = 0) for the Hamiltonian of the massive Dirac
particle in 2+1 dimensions and all the constraints of the latter model. In the presence of an
electromagnetic field one has also to put A3 = 0, ∂3Aµ = 0 to get the same result.
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